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ISOTROPIC IMMERSIONS

' TAKEHIRO ITOH & KOICHI OGIUE

1. Introduction

A Kaehler manifold of constant holomorphic sectional curvature is called a
complex space form. A Kaehler immersion is an isometric immersion which
is complex analytic. The second named author proved the following results.

Proposition 1 [2]. Let M be an n-dimensional complex space form of con-
stant holomorphic sectional curvature ¢, and M be an (n + p)-dimensional
complex space form of constant holomorphic sectional curvature ¢. If M is a
Kaehler submanifold of M with parallel second fundamental form, then either
c =& (i.e., M is totally geodesic in M)orc= 4&, the latter case arising only
when & > 0. Moreover, the immersion is rigid.

Proposition 2 [3]. Let M be an n-dimensional complex space form of con-
stant holomorphic sectional curvature c, and M be an (n + in(n 4 1))-
dimensional complex space form of constant Holomorphic sectional curvature
. If M is a Kaehler submanifold of M, then either ¢ = & (i.e., M is totally
geodesic in M)orc= 3¢, the latter case arising only when ¢ > 0. Moreover,
the immersion is rigid.

In thé present paper, we shall prove similar results for real manifolds. An
isotropic i mmersion is an isometric immersion such that all its normal curvature
vectors have the same length at each point. A Riemannian manifold of constant
curvature is called a space form.

Theorem 1. Let M be an n-dimensional space form of constant curvature
c, and M be an (n + n(n 4 1) — 1)-dimensional space form of constant
curvature &. If ¢ < & and M is an isotropic submanifold of M with parallel
second fundamental form, thenc = Z—(n—n-;—l)ﬂa’ and the immersion is rigid.

Theorem 2. Let M be an n-dimensional space form of constant curvature
c, and M be an (n + n(n + 1) — 1)-dimensional space form of constant
curvature &. If ¢ < &, and M is an isotropic submanifold of M, then ¢ =
—_-L——E, and the immersion is rigid provided that n < 4.

2(n + 1)

Remark. Theorems 1 and 2 give a (local) characterization of a Feronese

manifold.
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2. Preliminaries

Let M be an n-dimensional Riemannian manifold immersed isometrically in
an (n + p)-dimensional space form M of constant curvature . We denote by
V (resp. ) the covariant differentiation on M (resp. M). Then the second
fundamental form ¢ of the immersion is given by

oX,Y)=F,Y —F,Y,

and satisfies (X, Y) = ¢(X, Y).

We choose a local field of orthonormal frames e;, ---,€,, €5, -+ +,€; in
M in such a way that, restricted to M, e, --., e, are tangent to M. With
respect to the frame field of M chosen above, let o, - - -, 0", o', - - -, w? be
the field of dual frames. Then the structure equations of M are given by

2.1 do* = —Sui A\ &F , wi+of=0,
(2.2) b= —Swi N 0§ + B0t N of .

Restricting these forms to M, we have the structure equations of the im-
mersion:

(2.3) @W* = O ,
(24) wf=Jhye!,  hy=hy,
(2.5) dot=—Sei Ao, @+el=0,

2.6) do’ = — 2o} N\ of + 2%, Q% = L3R 0% N\ o,
2.7 Riy, = 8(i0; — 816, + Z(hihs, — hihy)
The second fundamental form o can be written as
2.3 ale;, e;) = Zhie, or o= Zhijwwle,.
Define hg;, by
2.9 Zhof = dhg; — Shiet — Shief + Zhie; .
Then from (2.2), (2.3) and (2.4) we have
(2.10) hg, = hg,; .
" TWe use the following convention on the ranges of indices unless otherwise stated:

A:BJC=]7"°vans"':ﬁ; iyjykyl=]:"')n;

arb:C=17"':n—]; ayﬁ———I,"'.P-
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The second fundamental form ¢ is said to be parallel if h;, = O for all
a,i,j and k. It is known that if the immersion is minimal, then the second
fundamental form ¢ satisfies a differential equation. In fact, we have

Lemma 2.1 [1].

JAShe ) = Sheyhs,, — 23(hehsihihi, — he kb haht)

15 ik

— ShehEhshE, + neShiks,

12004 %]

where 4 denotes the Laplacian.

3. Isotropically immersed space forms

For a unit vector X, o(X, X) is called the normal curvature vector determined
by X. An isometric immersion is said to be isotropic if every normal curvature
vector has the same length at each point. B. O’Neill [4] proved the following
Lemma 3.1. Let M be an n-dimensional space form of constant curvature
¢, and M be an (n + 3n(n 4 1) — 1)-dimensional space form of constant
curvature . If ¢ < &, and M is an isotropic submanifold of M, then
(i) M is a minimal submanifold of M,

(i) foX,X)|f = 2('1—:_22(5 — ¢) for every unit vector X,
n

(€ — ¢) for every orthonormal pair X and Y,

(iii) |oX, V)|t = - i 5

(iv) the ¥n(n — 1) vectors a(e;, e;), i < |}, are orthogonal,

(v) the angle between a(e;, e;) and a{e;, e;) is the same (say ) for every
pairiand j i £ ) and cos = —1/(n — 1),

(vi) {o(e;, e)}1<i<n is orthogonal to {o(e;, ehcicicns

(vii) the dimension of the vector space generated by {o(e;, e;)},<i<. and
{o(es, e)hctcicn i In(n + 1) — 1.

Let M be an n-dimensional space form of constant curvature ¢, and M be
an (n + {n(n + 1) — 1)-dimensional space form of constant curvature &. We
assume that ¢ < &, and that M is an isotropic submanifold of M.

Lete, .-, e, be alocal field of orthonormal frames in M. From Lemma
3.1 we can see that the 4n(n + 1) — 1 vectors a(e,, e,) and a(e;, e)), 1 < a
<n-—1,1<i<j<n, form a basis of the normal space at each point of
M. Using the Gram-Schmidt process, we can obtain an orthonormal basis of
the normal space at each point of M. In fact, we have the following

Lemma 3.2. The in(n + 1) — 1 vectors

VT2
V2nn —a)n —a + DE — o) {Z a(eb, e) +(n—a-+ l)a(ea,ea)}

Jn+2

nd YT £
WE T =0

gle,e;) for 1<a<n—1 and 1 <i<j<n form an
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orthonormal system.

We choose a local field of orthonormal frames e,, ---,e,, €5, -+, ¢€; (p =
inn + 1) — 1) in M in such a way that, restricted to M, e, ---,e, are
tangent to M, and

- VR ¥ 2 ac1 '_
&z = ‘/zn(n == a)(n —— 1)(5 = C) {;L:la(eb: eb) + (n a -+ l)o‘(ea, etz)} ,
ein = —%(';——J__;_%a(et,ej) ’

where (i,)) =min{i,j} + %|{i —jj@n + 1 — i — j}) — 1. With respect to
this frame field, using Lemma 3.1 we can obtain

a i ]
) 07
. . F -
0 y PN O . e {3 R #3
@B @)= A o, )= D ,
Ha - .
ho Ha_J L . : J
where
72n(n = @)@ — o) N )

Ha = —

a

T Vn+dn—ax D Vet dn—dn—a+ )
v = Vn€ —o)/¥n+2

Thus from (3.1), Lemma 2.1 and Lemma 3.1 we have

Lemma 3.3. Let M be an n-dimensional space form of constant curvature
¢, and M be an (n + in(n 4 1) — 1)-dimensional space form of constant
curvature &. If ¢ < &, and M is an isotropic submanifold of M, then

« La 2’22(”2 —_ 1) - { n ~ }
She. he, = 2230 (8 — ¢)l— —_ R
17k’ tijk ” 2 (C ) (n 1) 4 C

We need as well the following

Lemma 3.4. Let M be an n-dimensional space form of constant curvature
c, and M be an (n + in(n + 1) — 1)-dimensional space form of constant
curvature &. Suppose ¢ < ¢, and M is an isotropic submanifold of M. Then
the second fundamental form o is parallel if and only if the following hold :
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S —
(3.2) A =0, o= 7"/1_(__”__‘1_%)_1_0),;- ®<a,
(3.3) Wy = Y2 a1 D . <,
Vvh —a

(3.4) o =0 Gk>a or <a),

3.5 g, = V2 ol i<a<k),
(3.5) @ Voo —axD Wy, ( a )
(3.6) w::.%; = o],

G.7 0l =0,

where different indices indicate different numbers.
Proof. From (2.9) and (3.1) it follows that the second fundamental form
¢ is parallel if and only if (3.2), - - -, (3.7) and the following equations hold:

' —b 1 -
3.8 RO = o,
(3.8) «/n—b-i-lwr' cg«/(rz—c)(n—c+I)J)e
1
3.9 =0,
G-9) c§z«/(n—c)(n—c+1)'0°
3.10) —_XP=8 i 4 T 1 oD = Tt
Vn—a+1 " iedJn—kn—-—k+1) * »
(3.11) vn—b @& = 1 wgii‘:‘),

Jn—b+1° LVvin—con—c+1)

~ where different indices indicate different numbers. We can see inductively that
(3.8) and (3.9) are equivalent to w} = 0. Moreover, (3.2), - - -, (3.5) imply
(3.10) and (3.11). gq.e.d.

From (2.2), (2.3), (2.4) and (3.1) we have

V2 5 2
(fE Vo =D —-b+ D ‘”") Ao
V2n=a a__ »
(3.12) —+ a§a <ﬁ—-—wa — w(a,b)) No

+ Z(«/Z(n—a+l) w,;‘—-w?ﬁ,))/\wb‘—“(),
a<d 1/1'2—(1 ’
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(=D 0t ofes) Ao

Jn—ario P
_ \/Z(ﬂ—b) g ‘\/-7 2 b
(3.13) (\/n—b+l b3 VYin=con—c+ 1) wz) No
- V2 b E x
Z‘”(oc)/\w +§k( T = —at D Wy w(o,k))/\‘”
=0 G<a,
V2n—a+ D .
(s olezn) N
1/2(n—j) o ﬁ [
New— b Wi} A o
3.14) +(1/n——j+l d kle/(n—k)(n-—k+1)‘D) @
ﬁ m ‘7'~ (4 ‘7'~ c
+Z(x/(n—-a)(n—a+ 1) ‘Dc+w(]',c)) N @ +a§kw(j,c)/\w
=0 @<y,

(-—Qg___n__——‘:_i__—)—a)ﬁi?f) -5 \/-7 w(_{,’?) _ 2(0?') A o
(3.15) Wn—i+1 °  &Vn-—Rbn—k+1D * :

+Z(m“”-—w’)/\w __0

(i,k)

@ — o) A o + (0D — o) A @
V2n =k 5 N3 ~
3.16 (—-—————— (&7 E_m)) A @
e O ey e S P M/ oy T~y s @
+ 3 o DA @ =0.

%67,k B

By (3.15) and Cartan’s lemma we may write w“ J’ o = YA¥w', where
Al = A%. Since a):,.g — ol + “’E:"g o = 0so that A;fl + A% = 0, we can
see A = 0. Hence we have

: D = oyl
3.17 W = O -

Ffom (3.16) and (3.17) it follows that a)g% contain neither »° and w’ nor
®® and o' by symmetry. Therefore

(3.18) wi;,!ii do not contain o', o/, ©* and o' .
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4. Proofs of theorems

Theorem 1 follows immediately from Lemmas 3.3 and 3.4. We shall give
here a proof of Theorem 2 for n = 4. The proof of Theorem 2 for n = 2 and

n = 3 is quite similar to and easier than that for n = 4.

In consideration of (3.17) and (3.18), equations (3.12), ---,(3.16) can be

written as follows:

<2J— —wf)<w2+<—2—@w§—w§)Aw3

5 73
T,
+< —w)/\w‘=0,
J3 AT
@y (Fei-d)Ad+ Ld A+ GTE- DA

+ W3- No' =0,

(w0} _‘(U=) N o' + (0} — w%) N &+ ('—‘\/%—wg‘}" %‘DE) N &
+ Q& — &) A ot = 0;
..%_aﬁ/\w‘-}—<—%mf—w§)/\w2+<~/—l_3_—w§—-w§)/\w3
1
+<———ﬁ —w,,)/\a) =0,
4.2) —T%wi/\wl — A&+ (0 — od) A &
+(wi—-a)§)/\a)‘=0,
—w?/\w‘—(jz «/_ )/\a) + (@} — o) A &

+ (@ — &) N o = 0;

242 2 i) 1 2 1 2 o 3 1 4
v A A N+t No'=0,
<——w1+w- w+-ﬁw o +ws N\ w wg \ w

(%f; 3+cu7)/\w‘+cu§/\cu2+(cu%——

1
3

w%) N o

+a)§/\w4=0’
(N“

5 l-}-cu,,)/\cu‘-l-cu%/\cuz—}-cu%/\cz)3

—(\/l—a)-w§+w§)/\w‘=0,
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(—-1——0):1‘ + w;) Ao+ (V3o + o) Ao+ (w% — —I——wg) N o
Ve
4.3) +dE Nt =0,

(%—w{-}-w%)/\wl+(ﬁw§+a§)/\w2+w§/\w3

- (g 1=,

(0! + o) N @ + (@b + o) N\ o + Qo + o) A &

wi + )/\w—O

- (Fet+ 75

4.4

+
&
+
')
s
=
>
g
“

-t +-———al )2+w5+2w4)/\w

T T
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4 1 1 1
(wg——?wi—ﬁw;>/\w3—0,
<_1_a,g+ 1w§+w§)/\w"’—-0,

6 V3

2 z__1_7) :=0
(et = 7ei) n ot =0,

1 1
(Fget+ et +al) Nt =0,

2 5 1

4.5 <__ - §)/\ r=0,

(w§~—16—w?—:/—1_§_—w§)/\w3=0, AN =0,
—1—w§+ 1w§+a;5 No =0 EANo =0
JEaT 3T e T ene =
(wg——%ag_&/%wg>/\w3=o9 wé/\wlz s
2 1
(7ot = get) n o =0

From (4.1);, (4.4),, - -+, (4.4);; (4.3),, (4.5);, (4.7); (4.3);, (4.5),, (4.8);
(4.3),, (4.5),, (4.6); (4.3),, (4.6), (4.9), (4.10); (4.3),, (4.7), (4.9), (4.10);
(4.3),, (4.8), (4.10), (4.11); (4.12), - - -, (4.14); (4.15),,, (4.10); (4.4),, (4.9);
(4.4), (4.11); (4.3);, (4.16), (4.18); (4.4),, (4.4);,, (4.10), (4.19); (4.1),,
(4.12), (4.17); (4.1),, (4.12), (4.18), (4.21); we obtain, respectively,

< 2
4.6) o = 7)/-_-33% :
) of = 3}:33@; ,

= 242
(4.8) W} = ——‘/‘/%—wi;
(4.9) ol = 0;
(4.10) ol = 0;
“4.11) a)é = 0;

(4.12) o} e {{}}
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“e{{---}}” indicating “is a linear combination of - .-”;

(4.13) V3 0} — wle{{@}};
(4.14) o} + v 3die {{o'}};
(4.15) }=0, @l=0;
(4.16) wf € {{o}};
(4.17) @t — v/ 3o} e {{o};
(4.18) @i — v 30} e {{o?}};
(4.19) wi = 0;
4200 o} — 21 = 0;
(4.21) @i — v 3k =0;
(4.22) wj — V30 =0;
and hence

(4.23) V3l —20ie {0} .

From (4.2),, (4.15), (4.23); (4.3),, (4.3),, (4.15), (4.17),---,(4.19); 4.2),,
4.3),, (4.15), - - -, (4.17), (4.23); (4.2),, (4.3),, (4.15), (4.16), (4.18), (4.23);
(4.4),, (4.9), (4.21); (4.4),, (4.11), (4.22); (4.2),, (4.2);, (4.15), (4.28),
(4.29) ; we have, respectively,

(4.24) V' 3k = 20i;
(4.25) i € {{0}};
(4.26) V3o — dhe{{e)};
(4.27) V3a — die{{o};
(4.28) of — of € {{o*}};
(4.29) of — o} € {{0'}};
(4.30) : of € {{o}} .

From (4.5)1Aand (4.5), it follows that w% € {{¢*, w*}} which, together with
(4.30), implies
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(4.3 i=0.

From (4.2),, (4.15), (4..28), (4.29) and (4.31) we obtain &} € {{w*}} which,
together with (4.25), implies

(4.32) @=0.

From (4.1),, (4.2),, (4.15), (4.20), (4.30) and (4.32) we have

(4.33) @} —}=0,
and hence

(4.34) o} — vie{{o}},
(4.35) o} — o} e {{o)} .

. From (4.28), (4.34); (4.3),, (4.15), (4.16), (4.21), (4.32); we obtain,
respectively,

(4.36) @ — &t = 0;
and v 3 o} — &} € {{v'}} which, together with (4.26), implies
4.37) V3 —ai=0.

From (4.3);, (4.15), (4.16), (4.18) and (4.32) we have ¥ 3 ¢} — o} ¢ {{o'}}
which, together with (4.27), implies

(4.38) V3 —awi=0.
From (4.3),, (4.15), (4.20), (4.29), (4.32) and (4.35) we obtain
(4.39) 0 —~awt=0,
(4.40) wi—wl=0.
Now it is easy to see that (3.17), (3.18), (4.6), - - -, (4.11), (4.15), (4.19), - - -,
(4.22}, (4.24), (4.31), - - -, (4.33) and (4.36), - - -, (4.40), together with Lemma

3.4, imply that the second fundamental form is parallel. This, combined with
Theorem 1, thus gives Theorem 2.
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